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Abstract
The solutions of the Drinfeld equation corresponding to the full set of
different carrier subalgebras f ⊂ sl3 are explicitly constructed. The ob-
tained Hopf structures are studied. It is demonstrated that the presented
twist deformations can be considered as limits of the corresponding quan-
tum analogues (q-twists) defined for the q-quantized algebras.
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1 Introduction
Triangular Hopf algebras A(m,∆, S, η, ǫ;R) [1] play an essential role in quan-
tum theory and in particular for models with noncommutative space-time [2, 3].
Quantizations of antisymmetric r-matrices (solutions of classical Yang-Baxter
equation) form an important class of such algebras. They describe Poisson
structures compatible with the initial Lie algebra g, i.e. the mechanical systems
that can exist on a space whose noncommutativity is fixed by g. Such quan-
tum algebras can be constructed in terms of r-matrices by means of Campbell-
Hausdorff series [4]. However, these constructions are obviously inappropriate
for an efficient usage of quantum R-matrices. If one provides the elements of the
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initial Lie algebra g with primitive coproducts ∆prim and consider the universal
enveloping algebra U(g) as a Hopf algebra with the costructure generated by
∆prim, then the solution F ∈ U(g)⊗2 of the twist equation [4]
F12(∆⊗ id)(F) = F23(id⊗∆)(F), (1)
(ǫ⊗ id)F = (id⊗ ǫ)F = 1 (2)
allows one to find the solution of the Yang-Baxter equation, namely: RF =
F21F−1. Thus to obtain the set of solutions of the twist equations (1) (the
set of twists F) for the full set of carrier subalgebras in simple Lie algebras
g used in constructing physical models is an important task (see for example
[5] and the references therein). Such set of twists for a Lie algebra g will be
considered complete if for any class h of equivalent antisymmetric solutions for
the classical Yang-Baxter equation (CYBE)we can attribute a twist F(ξ) (with
a deformation parameter ξ) whose classical r-matrix,
rF =
d
dξ
F(ξ)21F(ξ)−1|ξ=0,
is a representative of the class h.
Each r-matrix induces a dual map that can be treated as a skew-symmetric
bilinear form ωr that satisfy the condition
ω(x, [y, z]) + ω(y, [z, x]) + ω(z, [x, y]) = 0.
Form ωr is nondegenerate on the space of a subalgebra gc ⊆ g. Such subalgebra
gc is called the carrier of r. Subalgebras supplied with nondegenerate form ωr
are called Lie quasi-Frobenius. The classification problem for quasi-Frobenius
Lie subalgebras is far from being completed. The explicit classification is known
for some types of Lie algebras and in particular for sl3 it was given by Stolin
[6].
The construction of the twisting elements is not only important but also
a difficult problem and for a long time only few types of twists were known
in an explicit form [7, 8, 9, 10]. In this paper we demonstrate that using the
factorization property [11, 12] of twists the explicit solution of equations (1-2)
can be constructed for any quasi-Frobenius subalgebra in sl3. In Section 2 the
corresponding Hopf algebras – twist deformations U (sl3) −→ UF (sl3) – are
classified and studied.
The second fundamental problem in the study of triangular Hopf alge-
bras is the relation between twist deformations and ordinary quantizations (q-
deformations). In Section 3 we study the possibility to attribute to each twist
F (and the corresponding deformation UF (f)) the quantum twist F ′q defining
deformation of quantized current algebra Uq(sl3) and specializing to a twist F
of U(sl3) in the limit q → 1. The limit is assumed to be taken along some
curve q = 1 + f(s) as f(s) → 0 for s → 0. In particular, we can obtain quan-
tum versions of the quasi-Frobenius subalgebras through commutativity of the
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following diagram
U (f)
q−→ Uq (f) ιq−→ Uq(ŝl3)
F ↓ Fq ↓ F ′q ↓
UF (f)
q−→ UFq (f)
ιq−→ UF ′q (ŝl3)
(3)
where ιq is the embedding, ŝl3 stands for the affinization of sl3: A
(1)
2 or A
(2)
2 and
F ′q := (ιq ⊗ ιq)Fq(ι−1q ⊗ ι−1q ). Formally our quantization Uq(sl3) is defined over
C[s, s−1] and the specialization q → 1 corresponds to the limit s→ 0. In Section
3 we step by step demonstrate that in most cases one can straightforwardly
obtain Uq(f) as a Hopf subalgebra of U
J
q (ŝl3), the Drinfeld-Jimbo quantization
of U(ŝl3) with the comultiplication deformed by some factor J :
∆J (x) = J∆q(x)J −1.
Uq(f) is fixed by the fact that it is a minimal Hopf subalgebra in Uq(sl3) with
the property
Uq(f)|C[s] → U(f), s→ 0.
In the particular case of b(0) = {H13, E12 + E23} the Borel subalgebra belongs
to the subalgebra sl2 that is the special subalgebra of sl3 and we can define
the corresponding q−quantization of U(b(0)) by embedding it into Uq(A(2)2 ). To
define the q−twists corresponding to the twists described in section 2, we utilize
an assumption that most of q−twists can be built out of q−exponentials and
Abelian twists. The only twist deformation of U(sl3) that seems to contradict
this assumption is the one corresponding to the r−matrix rJR = 12H23 ∧E23+
ηE12 ∧E13 (see formulas (28) in 2.6.1). In the Appendix the special properties
of the so called peripheric twists [13] are discussed.
2 Classification of quasi-Frobenius subalgebras
in sl3 and twist deformations UF (sl3)
2.1 Abelian two-dimensional subalgebras
We have four classes of nonequivalent two-dimensional subalgebras [6] denoted
by
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h =⇒ H =
 ∗ 0 00 ∗ 0
0 0 ∗

h(1) =⇒ X = ∗
 1 0 00 1 0
0 0 −2
+
 0 ∗ 00 0 0
0 0 0

h(0,1) =⇒ X =
 0 ∗ ∗0 0 0
0 0 0

h(1,1) =⇒ X = ∗
 0 1 00 0 1
0 0 0
+
 0 0 ∗0 0 0
0 0 0

2.2 Cartan subalgebra. Case h
Any two elementsH1, H2 ∈ H form a carrier subalgebra for the so called Abelian
twist (first described by Reshetikhin [7]):
FR = exp(ξ12H1 ⊗H2) ξ12 ∈ C. (4)
Let Λ be the root system of sl3. For any λ ∈ Λ let Eλ ∈ sl3 be the element
corresponding to the root λ. The twisting elements FR lead to the deformed
costructure:
∆FR(H1,2) = H1,2 ⊗ 1 + 1⊗H1,2,
∆FR(Eλ) = Eλ ⊗ eξ
12λ(H1)H2 + eξ
12λ(H2)H1 ⊗ Eλ.
(5)
2.3 Mixed. Case h(1)
For any Eλ, λ ∈ Λ(g) consider the Cartan element H⊥λ whose dual
(
H⊥λ
)∗
(with respect to the Killing form) is a vector orthogonal to λ. This pair generates
the two-dimensional Abelian algebra, the carrier for the twist:
FR = exp(ξH⊥λ ⊗ Eλ). (6)
Notice that here the parameter ξ can be scaled by a similarity transformation.
∆FR(H) = H ⊗ 1 + 1⊗H − ξλ(H)H⊥λ ⊗ Eλ, H ∈ H
∆FR(Eµ)|µ6=−λ = Eµ ⊗ eξµ(H
⊥
λ )Eλ + 1⊗ Eµ + ξH⊥λ ⊗ Eλ+µ
∆FR(E−λ) = E−λ ⊗ 1 + 1⊗ E−λ+
+ξH⊥λ ⊗Hλ − ξ2(H⊥λ )2 ⊗ Eλ
(7)
(It is assumed that E{λ+µ} is zero iff λ+ µ is not a root.)
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2.4 N+ subalgebra. Cases h(0,1) and h(1,1)
Consider, for example, the commuting generators E12 + µE23, E13 and the cor-
responding Reshetikhin twist
FR = exp(ξ(E12 + µE23)⊗ E13). (8)
Here the cases µ = 0 and µ 6= 0 are to be considered separately. The twist
FR (ξ, µ = 0) cannot be scaled to FR (ξ, µ 6= 0). Though it is a limit for the
family {FR (ξ, µ)} as is clearly seen from the explicit costructure below.
∆FR(E12 + µE23) = (E12 + µE23)⊗ 1 + 1⊗ (E12 + µE23),
∆FR(E13) = E13 ⊗ 1 + 1⊗ E13,
∆FR(H12) = H12 ⊗ 1 + 1⊗H12 − 3ξE12 ⊗ E13 + 32ξ2µE13 ⊗ (E13)2
∆FR(H23) = H23 ⊗ 1 + 1⊗H23 − 3ξµE23 ⊗ E13 − 32ξ2µE13 ⊗ (E13)2
∆FR(E21) = E21 ⊗ 1 + 1⊗ E21+
+ξH12 ⊗ E13 − ξ(E12 + µE23)⊗ E23
− 12ξ2(2E12 − µE23)⊗ (E13)2 + 12ξ3µE13 ⊗ (E13)3,
∆FR(E23) = E23 ⊗ 1 + 1⊗ E23 + ξE13 ⊗ E13,
∆FR(E32) = E32 ⊗ 1 + 1⊗ E32 + ξµH23 ⊗ E13
+ 12ξ
2µ(E12 − 2µE23)⊗ (E13)2+
+ξ(E12 + µE23)⊗ E12 − 12ξ3µ2E13 ⊗ (E13)3,
∆FR(E31) = E31 ⊗ 1 + 1⊗ E31 + ξ(−E32 + µE21)⊗ E13+
+ξ(E12 + µE23)⊗H13 + 12ξ2µ(H12 −H23)⊗ (E13)2
−ξ2(E12 + µE23)2 ⊗ E13+
+ 12ξ
3µ(−E12 + µE23)⊗ (E13)3 + 12ξ4µ2E13 ⊗ (E13)4,
(9)
2.5 B(2) subalgebras and Jordanian twists
In this section the carrier algebra is normalized as
[H,E] = E, (10)
and the twist is Jordanian [8]:
FJ = exp(H ⊗ σ (ξ)), σ (ξ) = ln(1 + ξE), (11)
the parameter can be scaled by ad(H). Our task is to enumerate the inequivalent
B(2) subalgebras.
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Choose the generator E in N+. We must distinguish the cases where the
Cartan generator for B(2) can be diagonolized in N+ and where it cannot.
Only two-dimensional eigenspaces (for a Cartan subalgebra) could be found in
N+. Notice that one can always add E to H without principal influence on the
results, we shall not consider such cases separately.
2.5.1 Irregular element H and E = E13
It is sufficient to specialize H as follows:
H = aiEii + αE23 + βE12,
∑
ai = 0. (12)
The coefficients α and β can be scaled by an appropriate ad(H⊥). We can have
only the element proportional to E = γE13 here. The answer is a continuous
family of B(2) subalgebras:
H = µE11 + (1 − 2µ)E22 + (µ− 1)E33 + αE23 + βE12, E = E13. (13)
Up to equivalence the corresponding Jordanian twist is represented by the fol-
lowing expression
Firr = exp((H⊥12 + ηE12)⊗ σ13).
The twisted coproducts are
∆(H12) = H12 ⊗ 1− 2ηE12 ⊗ σ13 − (H⊥12 + ηE12)⊗ (1− e−σ13) + 1⊗H12;
∆(H23) = H23 ⊗ 1 + ηE12 ⊗ σ13 − (H⊥12 + ηE12)⊗ (1− e−σ13) + 1⊗H23;
∆(E12) = E12 ⊗ 1 + 1⊗ E12;
∆(E23) = E23 ⊗ eσ13 + ηE13 ⊗ σ13eσ13 + 1⊗ E23;
∆(E13) = E13 ⊗ eσ13 + 1⊗ E13;
∆(E32) = E32 ⊗ e−σ13 + (H⊥12 + ηE12)⊗ E12e−σ13 + 1⊗ E32;
∆(E21) = E21 ⊗ 1 + ηH12 ⊗ σ13 − η2E12 ⊗ (σ13)2
−(H⊥12 + ηE12)⊗ E23e−σ13 + 1⊗ E21;
∆(E31) = E31 ⊗ e−σ31 − ηE32 ⊗ σ13e−σ13 + (H⊥12 + ηE12)⊗H13e−σ13+
+((H⊥12 + ηE12)− (H⊥12 + ηE12)2)⊗ (e−σ13 − e−2σ13) + 1⊗ E31;
Thus the irregularity results in the appearance of σ13 in the coproducts. When
both parameters α and β are zeros we come to the regular case treated below.
2.5.2 Regular H
Let
H = aiEii,
∑
ai = 0. (14)
In the case E = E13 all the properties of the Jordanian twist are the same as
described above.
1. E = Eλ, with λ being one of the simple roots. Let E = E12. Again
we find the parameterized family of subalgebras (and correspondingly the
twists):
{H = µE11 + (µ− 1)E22 + (1− 2µ)E33, E12} . (15)
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The case E = E23 is treated analogously.
2. E = E12+E23 . The case E = E12+γE23 can be scaled to the normalized
one: E = E12 + E23. Immediately we find a
1 = 1, a2 = 0, thus:
{H = E11 − E33, E = E12 + E23} . (16)
3. E = E12+E13. Again only the normalized combination is to be considered.
The algebra is unique:{
H =
2
3
E11 − 1
3
E22 − 1
3
E33, E = E12 + E13
}
. (17)
The alternative combination E = E23 + E13 is treated analogously.
2.6 4-dimensional carriers
2.6.1 One Cartan generator
In this case we can assume that the carrier belongs to the Borel subalgebra:
L ⊂ B. Let H⊥λ=e1−e3 ≡ H⊥13 (with the dual vector (H⊥13)∗ orthogonal to the
highest root e1 − e3) and assume that a1 6= a3 in H = aiEii.
In this case the family of carrier algebras L (α, β, γ, δ) ⊂ B ,
[H,A] = αA, [H,E] = δE,
[H,B] = βB, [A,B] = γE,
α+ β = δ. α, β, γ, δ ∈ C
(18)
a representative can be chosen with δ = 1 while γ will finally coincide with the
deformation parameter. So we are to consider only the case L (α, β):
[H,A] = αA, [H,E] = E,
[H,B] = βB, [A,B] = E,
α+ β = 1.
(19)
The set {Lα,β} of carriers (19) is to be further classified due to the values of
the second cohomology group H2(L,C) and the orbits of the normalizer N(L)
(of L in sl3) formed by its adjoint action in H
2(L,C) [6]. Consider the list of
cohomological properties of L:
dimZ2 dimB2 dimH2
α, β 6= 0,−1 3 3 0
α = 0, β = 1
α = 1, β = 0
}
3 2 1
α = −1, β = 2
α = 2, β = −1
}
4 3 1
(20)
The first column describes the subsets in {Lα,β} that are to be considered
separately.
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1. The case α, β 6= 0,−1. The carrier is the Frobenius subalgebra with the
nondegenerate coboundary ω = E∗([, ]). The corresponding twist is the
extended Jordanian twist [10], it can be written in two (equivalent) forms:
FE = exp(ξA⊗Be−βσ(ξ)) exp(H ⊗ σ(ξ)),
FE′ = exp(−ξB ⊗Ae−ασ(ξ)) exp(H ⊗ σ(ξ)). (21)
They are connected by the automorphism
i :

A −→ −B
B −→ A
α ⇄ β
 .
For example in the case of FE′ the costructure is defined by the relations
∆E(H) = H ⊗ e−σ(ξ) + 1⊗H − ξA⊗Be−(β+1)σ(ξ),
∆E(A) = A⊗ e−βσ(ξ) + 1⊗A,
∆E(B) = B ⊗ eβσ(ξ) + eσ(ξ) ⊗B,
∆E(E) = E ⊗ eσ(ξ) + 1⊗ E.
(22)
The R-matrix has the form
RE = exp(ξBe−βσ(ξ) ⊗A) exp(σ(ξ) ⊗H)
exp(−H ⊗ σ(ξ)) exp(−ξA⊗Be−βσ(ξ))
= 1⊗ 1− ξrE +O(ξ2).
(23)
The corresponding classical r-matrix is
rE = H ∧ E +A ∧B. (24)
The parameter ξ in (21) can be scaled. Notice that equal coefficients in
two terms of rE -matrix is the necessary and sufficient condition for the
corresponding form ωE to be a cocycle. The reason is that the extension
factors in FE and FE′ are the discrete twists and can only borrow the
continuous parameter from the smooth set of Hopf algebras (twisted by
FJ = exp(H ⊗ σ(ξ))).
When the carrier Lα,β is identified with the subalgebra of sl(3) it is con-
venient to describe the freedom in its definition by introducing the second
Cartan generatorH⊥13 =
1
3E11− 23E22+ 13E33 and the parameter ζ = α− 12 .
In these terms the twisting element FE from (21) takes the form
FE = exp
(
ξE12 ⊗ E23e(ζ− 12 )σ(ξ)
)
exp
((
1
2
H13 + ζH
⊥
13
)
⊗ σ(ξ)
)
.
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The deformed UE (sl(3) is defined by the following coproducts:
∆E(H12) = H12 ⊗ 1 + 1⊗H12 + (12H⊥13 + ζH⊥13)⊗ (e−σ(ξ) − 1)−
−ξE12 ⊗ E23e(ζ− 32 )σ(ξ);
∆E(H23) = H23 ⊗ 1 + 1⊗H23 +
(
1
2H13 + ζH
⊥
13
)⊗ (e−σ(ξ) − 1)−
−ξE12 ⊗ E23e(ζ− 32 )σ(ξ);
∆E(E12) = E12 ⊗ e(
ζ− 1
2 )σ(ξ)
+ 1⊗ E12;
∆E(E23) = E23 ⊗ e(
1
2−ζ)σ(ξ) + eσ(ξ) ⊗ E23;
∆E(E13) = E13 ⊗ eσ(ξ) + 1⊗ E13;
∆E(E21) = E21 ⊗ e−( 12+ζ)σ(ξ) + 1⊗ E21+
+ξ
(
H12 − 12H13 − ζH⊥13
)⊗ E23e−σ(ξ);
∆E(E32) = E32 ⊗ e(
ζ− 1
2 )σ(ξ)
+ 1⊗ E32 + ξE12 ⊗H23e(
ζ− 1
2 )σ(ξ)
+
+ξ
(
1
2H13 + ζH
⊥
13
)⊗ E12e−σ(ξ)−
−ξ ( 12H13 + ζH⊥13)E12 ⊗ (e(ζ− 12 )σ(ξ) − e(ζ− 32 )σ(ξ))
−ξ2E12 ⊗ E23E12e(
ζ− 3
2 )σ(ξ) − ξ2E212 ⊗ E23e2(ζ−
1
2 )σ(ξ);
(25)
∆E(E31) = E31 ⊗ e−σ(ξ) + 1⊗ E31+
+ξ
(
1
2H13 + ζH
⊥
13
)⊗H13e−σ(ξ)+
+ξ
(
1− 12H13 − ζH⊥13
) (
1
2H13 + ζH
⊥
13
)⊗ (e−σ(ξ) − e−2σ(ξ))+
+ξ2
(
1
2H13 + ζH
⊥
13 − 1
)
E12 ⊗ E23
(
e
(ζ− 32 )σ(ξ) − 2e(ζ−
5
2 )σ(ξ)
)
+ξE12 ⊗ E21e(
ζ− 1
2 )σ(ξ) − ξE32 ⊗ E23e(
ζ− 3
2 )σ(ξ)−
−ξ2E12 ⊗H13E23e(
ζ− 3
2 )σ(ξ)
+ ξ3E212 ⊗ E223e
2(ζ− 32 )σ(ξ)
;
(26)
2. The case α = −1, β = 2. There are two twists for the carrier algebra
L(−1, 2).
First we have the coboundary form of the previous type ω = E∗([, ]). And
the corresponding twists (21) with α = −1, β = 2.
The second possibility is due to the nontrivial elements of the cohomology
group H2 (L(−1, 2)). The cochain
(ψ : L ∧ L −→ C)
such that
ψ(A,E) 6= 0
is not cohomologous to zero. This means that the form
ω = B∗([, ]) + ζA∗ ∧ E∗ (27)
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is a nontrivial cocycle for any ζ ∈ C. The corresponding twist is a com-
position of a Reshetikhin and deformed Jordanian [11] factors.
FJR = exp(12H ⊗ σ(ζ, ξ)) exp(ζA⊗ E),
σ(ζ, ξ) = ln(1 + ξB − 12ξζ2E2).
(28)
Notice that the composition is possible due to the fact that after applying
the Reshetikhin factor FR = exp(ζA ⊗ E) we get the primitive Borel
subalgebra on the space generated by
{
H,B − 12ζ2E2
}
.
Here we have the universal R-matrix:
RJR = exp(1
2
σ(ζ, ξ)⊗H) exp(ξE⊗A) exp(−ξA⊗E) exp(−1
2
H⊗σ(ζ, ξ)).
(29)
Choosing ζ = ηξ we get the r-matrix
rJR =
1
2
H ∧B + ηA ∧ E. (30)
Obviously the term ηA∗∧E∗ can give the nondegenerate cocycle also with
the second basic coboundary E∗([, ]). The corresponding r-matrix has the
form
r′JR = H ∧ E +A ∧B − ηH ∧B.
Nevertheless a simple substitution (H → H + A, A → ηA, B →
−(1/η)(B+E), E → −E) brings us again to the r-matrix (30). Thus we
have only two different solutions here. For the first of them the deformed
costructure can be easily obtained as a special case of (26). To present the
necessary coproducts for the second case let us use the following injection
in sl(3):
H = H23; E = E13; A = E12; B = E23;
σ(ζ, ξ) = ln(1 + ξE23 − 12ξζ2E213)
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In these terms the coproducts ∆JR are defined by the formulae
∆JR(H12) = H12 ⊗ 1 + 12ξH23 ⊗
(
E23 + ζE
2
13
)
e−σ(ξ,ζ)−
−3ζE12 ⊗ E13e− 12σ(ξ,ζ) + 1⊗H12;
∆JR(H23) = H23 ⊗ e−σ(ξ,ζ) + 1⊗H23;
∆JR(E12) = E12 ⊗ e− 12σ(ξ,ζ) − 12ξH23 ⊗ E13e−σ(ξ,ζ) + 1⊗ E12;
∆JR(E23) = E23 ⊗ eσ(ξ,ζ) + ζE13 ⊗ E13e 12σ(ξ,ζ) + 1⊗ E23;
∆JR(E13) = E13 ⊗ e 12σ(ξ,ζ) + 1⊗ E13;
∆JR(E21) = E21 ⊗ e 12σ(ξ,ζ) − ζE12 ⊗
(
E23 + ζE
2
13
)
e−
1
2σ(ξ,ζ)+
+ζH12 ⊗ E13 + 12ξζH23 ⊗ E13E23e−σ(ξ,ζ) + 1⊗ E21;
∆JR(E32) = E32 ⊗ e−σ(ξ,ζ) + 1⊗ E32+
+ζE12 ⊗ E12e− 12σ(ξ,ζ) − 12ξζH23E12 ⊗ E13e−
3
2σ(ξ,ζ)−
+ 12ξH23 ⊗ (H23 − ζE12E13)e−σ(ξ,ζ)
+ξ2(12H23 − 14H223)⊗ (E23 − ζE213)e−2σ(ξ,ζ);
∆JR(E31) = E31 ⊗ e− 12σ(ξ,ζ) + 1⊗ E31 − ζE32 ⊗ E13e−σ(ξ,ζ)+
+ζE12 ⊗H13e− 12σ(ξ,ζ) − ζ2E212 ⊗ E13e−σ(ξ,ζ)+
+ 12ξH23 ⊗ (E21 + ζE13 − ζH13E13)e−σ(ξ,ζ)+
+ 12ξζH23E12 ⊗ (−E23 + 2ζE213)e−
3
2σ(ξ,ζ)+
−ξ2ζ2(12H23 − 14H223)⊗ (E23E13 − ζE313)e−2σ(ξ,ζ);
(31)
3. The case α = 0, β = 1. This is the so called peripheric case [13]. The
carrier algebra L(0,1) is defined by the relations (18) with α = 0, β = 1.
Again we can use the same coboundary form E∗([, ]) as in the case 1 and
get the peripheric versions of the twists (21):
FP = exp(ξA ⊗Be−σ(ξ)) exp(H ⊗ σ(ξ)),
FP′ = exp(−ξB ⊗A) exp(H ⊗ σ(ξ)) (32)
with the costructure (for the version FP)
∆P(H) = H ⊗ e−σ(ξ) + 1⊗H − ξA⊗Be−2σ(ξ),
∆P(A) = A⊗ eσ(ξ) + 1⊗A,
∆P(B) = B ⊗ eσ(ξ) + eσ(ξ) ⊗B,
∆P(E) = E ⊗ eσ(ξ) + 1⊗ E.
(33)
We have also the cohomologically nontrivial map ω that can be chosen to
be
ωH = H
∗ ∧ A∗. (34)
The only coboundary map that can extend this ωH to create a nondegen-
erate form for L(0, 1) is again E∗([, ]),
ω = E∗([, ]) + ζωH = E
∗([, ]) + ζH∗ ∧ A∗. (35)
The inverse of the ω-formmatrix acquires the additional term proportional
to B ∧ E. Notice that the costructure (33) provides a pair of commuting
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primitive elements: σ and Be−σ. This signifies the possibility to apply
the corresponding Reshetikhin twist to the algebra UP(L(0, 1)) deformed
by (32). Again for the version FP we have the composition:
FRP = exp(ηBe−σ(ξ) ⊗ σ(ξ)) exp(ξA ⊗Be−σ(ξ)) exp(H ⊗ σ(ξ)). (36)
Parameters ξ and η are independent. Putting η = ζξ we arrive at the
r-matrix
rRP = H ∧ E + A ∧B + ζB ∧E (37)
which is in accord with ω in (35). This construction can be easily im-
plemented for the case α = 1, β = 0 with similar results. To conclude
this point we must add that the two basic coboundary maps E∗([, ]) and
B∗([, ]) can certainly be combined. This corresponds to the redefinition of
the extension in the basic peripheric twists:
FP = exp(ξA⊗ (B + ζE)e−σ(ξ)) exp(H ⊗ σ(ξ)),
FP = exp(−ξ(B + ζE)⊗A) exp(H ⊗ σ(ξ)). (38)
The latter is possible due to the equal eigenvalues of ad(H) on B and E.
2.6.2 Two Cartan generators
For any carrier of the type Lα,β one can find in g the elementH
⊥ (that commutes
with E) and as a result remains primitive after the twist FE or FP . Notice that
in this case the extended twist multiplied by the additional Reshetikhin factor
eζH
⊥⊗σ is equivalent to the shift of the Cartan element, H −→ H + ζH⊥,
in the initial extended twist. (When the additional twisting element is dragged
through the extension factor the power in the exponent e−βσ is changed because
β is shifted together with H .) Thus the additional factor does not produce new
twist but results in changes of parameters of the carrier Lα,β .
On the contrary when two commuting elements are taken from N+ (for
example E12 and E13) the Cartan elements can be chosen so that the four-
dimensional carrier algebra will have the structure of a direct sum of two B(2)
subalgebras: [
H⊥12, E13
]
= E13,
[
H⊥13, E12
]
= E12. (39)
with
H⊥12 =
1
3 (E11 + E22)− 23E33,
H⊥13 =
1
3 (E11 + E33)− 23E22.
Both B(2) subalgebras can be twisted by Jordanian twists simultaneously with
independent parameters, both can be scaled (just as in the case of unique Jor-
danian twist).
FJJ = exp(H⊥13 ⊗ σ12(ξ1)) exp(H⊥12 ⊗ σ13(ξ2)). (40)
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∆JJ (H
⊥
12) = H
⊥
12 ⊗ e−σ13(ξ2) + 1⊗H⊥12;
∆JJ (H
⊥
13) = H
⊥
13 ⊗ e−σ12(ξ1) + 1⊗H⊥13;
∆JJ (E12) = E12 ⊗ eσ12(ξ1) + 1⊗ E12;
∆JJ (E13) = E13 ⊗ eσ13(ξ2) + 1⊗ E13;
∆JJ (E23) = E23 ⊗ e−σ12(ξ1)eσ13(ξ2) + ξH⊥13 ⊗ E13e−σ12(ξ1) + 1⊗ E23;
∆JJ (E21) = E21 ⊗ e−σ12(ξ1) + 1⊗ E21−
−ξ2H⊥12 ⊗ E23e−σ13(ξ2) + ξ1H⊥13 ⊗H12e−σ12(ξ1)−
−ξ1H⊥12H⊥13 ⊗ (e−σ12(ξ1) − e−σ12(ξ1)e−σ13(ξ2))+
+ξ1(H
⊥
13 − (H⊥13)2)⊗ (e−σ12(ξ1) − e−2σ12(ξ1));
∆JJ (E32) = E32 ⊗ eσ12(ξ1)e−σ13(ξ2) + ξ2H⊥12 ⊗ E12e−σ13(ξ2) + 1⊗ E32;
∆JJ (E31) = E31 ⊗ e−σ13(ξ2) + 1⊗ E31+
+ξ2H
⊥
12 ⊗H13e−σ13(ξ2) − ξ1H⊥13 ⊗ E32e−σ12(ξ1)+
+ξ2(H
⊥
12 − (H⊥12)2)⊗ (e−σ13(ξ2) − e−2σ13(ξ2))+
+ξ2H
⊥
12H
⊥
13 ⊗ (e−σ12(ξ1)e−σ13(ξ2) − e−σ13(ξ2));
Due to the appearance of two primitive σ’s (see the second two lines of the list)
the general form in this case must contain additional Reshetikhin twist:
FJJ = exp(ζσ12(ξ1)⊗ σ13(ξ2)) exp(H⊥13 ⊗ σ12(ξ1)) exp(H⊥12 ⊗ σ13(ξ2)). (41)
Only two of three parameters can be scaled here (to get a nontrivial contribution
to the r-matrix the parameter ζ can be chosen proportional to 1/ξ with ξ1 =
α1ξ, ξ2 = α2ξ).
2.7 6-dimensional carrier
Up to the renumeration of the basic elements there is only one six-dimensional
Frobenius subalgebra P in sl(3) with the generators:{
H⊥13, H
⊥
23, E12, E13, E23, E32
}
(42)
This subalgebra can be considered as the simplest case of parabolic subalgebras
in the classical series sl(N). The parabolic subalgebra arise when some negative
simple root generators are dropped from the Chevalle basis of a simple Lie alge-
bra. In our case this happens when the generator E(e2−e1) = E21 is eliminated
from the basis. The remaining elements generate P. It is easy to check that
this algebra has a trivial second cohomology, H2(P,C) = 0. Thus we have one
solution, it is called the parabolic twist [14].
F℘ = FDFEJ
= exp(H⊥13 ⊗ (2σ13(ξ1) + σ32(ξ2))·
· exp(−ξ1E23 ⊗ E12eσ13(ξ1)) exp(H23 ⊗ σ13(ξ1))
= exp(H⊥13 ⊗ σ13(ξ1)) exp(H⊥13 ⊗ σ32(ξ2)) exp(H⊥13 ⊗ σ13(ξ1)) · FEJ
(43)
The parabolic twist factorizes into the ordinary extended JordanianFEJ and the
factor FD. The latter can be considered as a deformed version of the Jordanian
13
twist. The final deformed costructure in P looks as follows:
∆℘(H
⊥
13) = (H
⊥
13 ⊗ 1)(1⊗ 1 + ξ2C(ξ1))−1 + 1⊗H⊥13;
∆℘(H
⊥
23) = H
⊥
23 ⊗ e−σ13(ξ1) + 1⊗H⊥232+
+ξ1(E23 + ξH
⊥
12H
⊥
13)⊗ E12e−σ13(ξ1)e−σ32(ξ2)e−σ13(ξ1);
∆℘(E12) = E12 ⊗ eσ32(ξ2)eσ13(ξ1) + eσ13(ξ1) ⊗ E12 + ξ1ξ2H⊥13E12 ⊗ E12;
∆℘(E13) =
(
E13 ⊗ eσ13(ξ1)eσ32(ξ2) + 1⊗ E13
−ξ2H⊥13 ⊗ E12e−σ13(ξ1)
)
(1⊗ 1 + ξ2C(ξ1))−1;
∆℘(E23) =
(
E23 ⊗ e−σ13(ξ1) − ξ2H⊥13 ⊗H23
−ξ2(H⊥13)2 ⊗ e−σ13(ξ1) +H⊥13 ⊗ 1
)
(1⊗ 1 + ξ2C(ξ1))−1−
+ξ2(H
⊥
13(H
⊥
13 − 1)⊗ 1)(1⊗ 1 + ξ2C(ξ1))−2+
+1⊗ E23;
∆℘(E32) = E32 ⊗ eσ32(ξ2) + 1⊗ E32+
+ξ1(ξ2E32 + 2e
σ32(ξ2)H⊥13)⊗ E12e−σ13(ξ1)+
+ξ21(ξ
2
2E32 + e
σ32(ξ2)H⊥13)H
⊥
13 ⊗ (E12)2(eσ13(ξ1)eσ32(ξ2)eσ13(ξ1))−1;
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∆℘(E21) =
{
E21 ⊗ e−σ13(ξ1) + ξ2H⊥13 ⊗ E31 + ξ1ξ2(H⊥13)2 ⊗H13e−σ13(ξ1)+
+
(
ξ1ξ2(H
⊥
13)
2−
−ξ1ξ2(H⊥13)3 + ξ1H⊥13E23
)
⊗ (e−σ13(ξ1) − e−2σ13(ξ1)) +
+ξ1H
⊥
23E23 ⊗ e−σ13(ξ1) − ξ1E23 ⊗H12e−σ13(ξ1) +
+ξ21ξ2E23H
⊥
13 ⊗ e−σ13(ξ1)e−σ32(ξ2)e−σ13(ξ1)H23E12 +
+ξ21ξ2E23(H
⊥
13)
2 ⊗ E12e−σ13(ξ1)e−σ32(ξ2)e−2σ13(ξ1)
}
×
×(1⊗ 1 + ξ2C(ξ1))−1 +
+
{
ξ21ξ2E23(H
⊥
13 − (H⊥13)2)⊗ E12e−σ13(ξ1)e−σ32(ξ2)e−σ13(ξ1)−
−ξ1H⊥13E23 ⊗ e−σ13(ξ1)
}
(1⊗ 1 + ξ2C(ξ1))−2 +
+ξ1ξ2(1⊗ 1 + ξ2C(ξ1))−1 ×
×
{
H⊥12(H
⊥
13 − (H⊥13)2)⊗ e−σ32(ξ2)e−σ13(ξ1)
}
−
−ξ1H⊥23 ⊗ E23e−σ13(ξ1) +
+ξ1ξ2H
⊥
12H
⊥
13 ⊗ (H23 − 1)e−σ32(ξ2)e−σ13(ξ1) +
+(ξ1ξ2H
⊥
12(H
⊥
13)
2 − ξ1H⊥12E23)⊗ e−σ13(ξ1)e−σ32(ξ2)e−σ13(ξ1) −
−ξ21ξ2H⊥12H⊥13 ⊗ E23E12e−σ13(ξ1)e−σ32(ξ2)e−σ13(ξ1) −
−ξ21E23 ⊗ e−σ13(ξ1)e−σ32(ξ2)e−σ13(ξ1)E12E23 −
−ξ21E223 ⊗ E12e−2σ13(ξ1)(1⊗ 1 + ξ2C(ξ1))−1(1⊗ e−σ32(ξ2)e−σ13(ξ1))
+1⊗ E21; (44)
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∆℘(E31) = E31 ⊗ e−σ13(ξ1) −
{
ξ1E21 + ξ
2
1(H
⊥
23 − 1)E23 − ξ1ξ2H⊥13E31+
+ξ21ξ2(H
⊥
23 − 1)H⊥12H⊥13
}⊗ E12e−σ13(ξ1)e−σ32(ξ2)e−σ13(ξ1) +
+ξ1H
⊥
23 ⊗H13e−σ13(ξ1)
+ξ1H
⊥
12H
⊥
13 ⊗ (e−σ13(ξ1) − e−σ32(ξ2)e−σ13(ξ1)) +
+ξ1(H
⊥
23 − (H⊥23)2)⊗ (e−σ13(ξ1) − e−2σ13(ξ1)) +
+(ξ21E23 + ξ
2
1ξ2H
⊥
12H
⊥
13)⊗H13E12e−σ13(ξ1)e−σ32(ξ2)e−σ13(ξ1) +
+
{
2ξ21H
⊥
13E23 − ξ21ξ2H⊥12H⊥13 + ξ21ξ2(H⊥12)2H⊥13+
+2ξ21ξ2H
⊥
12(H
⊥
13)
2
}⊗ E12e−2σ13(ξ1)e−σ32(ξ2)e−σ13(ξ1) +
+
{
2ξ21(H
⊥
12 − 1)E23 − ξ21ξ2H⊥12H⊥13+
+ξ21ξ2(H
⊥
12)
2H⊥13
}⊗ E12e−σ13(ξ1)e−σ32(ξ2)e−2σ13(ξ1) +
+
{
2ξ31ξ2(H
⊥
12 − 1)(H⊥13 + 1)E23 + ξ31ξ22(H⊥12)2(H⊥13)2−
−ξ31ξ22H⊥12(H⊥13)2
}⊗ (E12e−σ13(ξ1)e−σ32(ξ2)e−σ13(ξ1))2 +
+ξ1(E23 ⊗ e−σ13(ξ1)E32)(1⊗ 1 + ξ2C(ξ1))−1 +
+ξ21((H
⊥
13 + 1)E23 ⊗ E12e−2σ13(ξ1))(1⊗ 1 + ξ2C(ξ1))−1 −
−ξ21(1⊗ 1 + ξ2C(ξ1))−1 ×
×(H⊥13E23 ⊗ E12e−σ13(ξ1)e−σ32(ξ2)e−σ13(ξ1)) +
+ξ31(E
2
23 ⊗ E212e−2σ13(ξ1))(1⊗ 1 + ξ2C(ξ1))−1 ×
×(1⊗ e−σ32(ξ2)e−σ13(ξ1))(1 ⊗ 1 + ξ2C(ξ1))×
×(1⊗ e−σ32(ξ2)e−σ13(ξ1)) +
+1⊗ E31; (45)
where
C(ξ1) = 1⊗ E32 + ξ1H⊥13 ⊗ E12e−σ13(ξ1).
The parabolic twist F℘ can be supplied with two natural parameters corre-
sponding to two Jordanian-like factors:
F℘(ξ, ζ) =
exp(H⊥13 ⊗ (2σ13(ξ) + σ32(ζ))) exp(−ξE23 ⊗ E12eσ13(ξ)) exp(H23 ⊗ σ13(ξ))
(46)
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If in the universal R-matrix for U℘(P; ξ, ζ),
R℘(ξ, ζ) = (F℘(ξ, ζ))21 (F℘(ξ, ζ))−1 =
exp((2σ13(ξ) + σ32(ζ))⊗H⊥13) exp(−ξE12eσ13(ξ) ⊗ E23) exp(σ13(ξ) ⊗H23)×
× exp(−H23 ⊗ σ13(ξ)) exp(ξE23 ⊗ E12eσ13(ξ)) exp(−H⊥13 ⊗ (2σ13(ξ) + σ32(ζ)).
(47)
the parameters are chosen to be proportional (ζ = ηξ) the expression (47) can
be considered as a quantization of the classical r-matrix
r℘(η) = H
⊥
23 ∧ E13 + E12 ∧ E23 + ηH⊥13 ∧ E32.
3 Quantum twists for quasi-Frobenius subalge-
bras in sl3.
In what follows we define quantum deformations (q-twists) for the twists con-
structed in the previous section so that the diagram (3) commutes. For the
quantum algebra Uq(sl3) the generators will be denoted by the small letters and
we shall use the following defining relations:
[hij , ekl] = (δik + δjl − δil − δjk) ekl, [e12, e32] = [e21, e23] = 0
[e12, e21] =
qh12−q−h12
q−q−1 , [e23, e32] =
qh23−q−h23
q−q−1
e13e12 = q
−1 e12e13, e13e23 = q e23e13
e21e31 = q e31e21, e32e31 = q
−1 e31e32
where the composite root generators e13 and e31 are defined as follows
e13 := e12e23 − q−1 e23e12, e31 := e32e21 − q e21e32
and the coproduct is fixed by its values on the Chevalley generators
∆(hij) = hij ⊗ 1 + 1⊗ hij , ∆(ei,i+1) = q−hi,i+1 ⊗ ei,i+1 + ei,i+1 ⊗ 1
∆(ei+1,i) = ei+1,i ⊗ qhi,i+1 + 1⊗ ei+1,i.
q−twists are defined for the deformed carrier Hopf subalgebras in Uq(sl3).
We consider these carrier subalgebras as q−quantization of the classical quasi-
Frobenius subalgebras in sl3.
3.1 Abelian two dimensional subalgebras
3.1.1 q-deformation for h
As far as in this case the carrier in Uq(sl3)
H =
 ∗ 0 00 ∗ 0
0 0 ∗

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is undeformed,
∆(hij) = hij ⊗ 1 + 1⊗ hij ,
the corresponding Abelian twist
FR = exp(tξij,klhij ⊗ hkl) ξij,kl ∈ C. (48)
can be taken q−independent (with the limit exp(tξij,klHij ⊗Hkl)).
3.1.2 q−quantization of h(1)
By definition
h(1) = ∗
 1 0 00 1 0
0 0 −2
+
 0 ∗ 00 0 0
0 0 0

and Uq(h
(1)) is the following Hopf subalgebra of Uq(sl3)
∆(e12) = q
−h12 ⊗ e12 + e12 ⊗ 1, ∆(h⊥12) = h⊥12 ⊗ 1 + 1⊗ h⊥12
where h⊥12 =
1
3 (e11+ e22)− 23e33. The next step is to define a contraction of the
algebra Uq(sl3) leading to the deformation of U(h
(1)) defined by the twisting
element (see (48))
F = exp(ξ H⊥λ ⊗ Eλ).
To find such limiting procedure we introduce a family of Hopf algebras equivalent
to Uq(h
(1)) . This family is obtained by applying to Uq(h
(1)) the similarity
transformation defined by the coboundary twist. To fix its form we use the
notations
expq (x) =
∑
n≥0
xn
(n)q!
where
(n)q =
qn−1
q−1 , (n)q! = (1)q(2)q · · · (n)q,
Now put W = expq2(ts
−1 e12). The necessary coboundary twist J (s, t) is
J (s, t) := (W ⊗W )∆(W−1). (49)
According to the Heine formula [15]
(1− t x)(−α)q := 1 +
∑
n≥1 t
n (α)q···(α+n−1)q
(n)q!
xn
= expq(
t
1−q x) expq−1(− q
αt
1−q x)
Thus the twisting element J (s, t) can be simplified,
J (s, t) = 1⊗ 1 +
∑
n≥1
(s−1(1− q2))ntn (−
1
2h12)q2 · · · (− 12h12 + n− 1)q2 ⊗ en12
(n)q2
.
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If we require that
q ≡ 1 + s2t mod (s3t) (50)
then J (s, t) contains only positive degrees of s and moreover
J (s, t) = 1⊗ 1 mod (st) . (51)
Now consider the element
Fq := (W ⊗W )qs
−1·h⊥12⊗h12∆(W−1) =
(
Ad(W ⊗W ) ◦ (qs−1·h⊥12⊗h12)
)
J (s, t) .
(52)
It defines a twist for Uq(sl3) because it satisfies the Drinfeld equation being
equivalent to the Abelian twist qs
−1·h⊥12⊗h12 .
Let us check that
Fq ≡ exp(−2t2 h⊥12 ⊗ e12)mod (st) . (53)
Notice that the multiplier t2 is required as far as q-dependent terms must not
contribute to the twist in the limit s → 0. Using the Heine’s formula we can
calculate explicitly
Ad(W ⊗W ) ◦ (qs−1· h⊥12⊗h12) = (1⊗Ad(W ) ◦ (qh12))s−1· h⊥12⊗1
and
Ad(W ) ◦ (qh12) = 1
1− (1 − q2)s−1t · e12 q
h12 ≡ (1− 2st2 e12)mod
(
s2t
)
.
This together with (51) and (52) proves (53). In the limit s −→ 0 we get the
special case of the general twisting element FR = exp(ξ H⊥λ ⊗ Eλ) (see (6)).
3.1.3 q−quantization of h(0,1)
By definition
h(0,1) =
 0 ∗ ∗0 0 0
0 0 0

To find the necessary quantized carrier Uq(h
(0,1)) let us simplify the form of the
corresponding Hopf subalgebra in Uq(sl3) . There in particular we have
∆(e13) = q
−h13 ⊗ e13 + e13 ⊗ 1 + (1− q−2) q−h12e23 ⊗ e12.
Let us perform the twist transformation Uq(sl3) −→ Uq,R1(sl3) by applying the
R−matrix factor twisting element
R1 = expq2(−(q − q−1) e21 ⊗ e12).
In the twisted algebra Uq,R1(sl3) the coalgebra of Uq(h
(0,1)) is generated by
∆(e12) = q
h12 ⊗ e12 + e12 ⊗ 1, ∆(e13) = q−h13 ⊗ e13 + e13 ⊗ 1.
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To define the quantum analogue of the twist FR = exp(ξ E12⊗ E13) – the
special case of the general expression (8) with µ = 0 – we consider the following
q-twist:
Fq = (W ⊗W )R1∆(W−1), W = expq2 (s−1t q−h12e12) expq2(s−1t e13)
(Notice that [q−h12e12, e13] = 0).
Explicitly,
Fq =
(
expq2(s
−1t q−h12e12)⊗ expq2(s−1t e13)
)
expq−2(−ts−1 q−h13 ⊗ e13)·
· expq−2(−s−1t q−h12e12 ⊗ q−h12)R1.
Using the relation
Ad(expq2 (s
−1t q−h12e12)) ◦ (q−h13) = (1− (1− q2)s−1t · q−h12e12)(
1
2 )
q2
q−h13
and assuming that q ≡ 1 + s2t mod (s3t) we can check that
Fq ≡ exp(t3 e12 ⊗ e13) mod (st) .
Another possible q-twist corresponding to the same bialgebraic structure looks
like
F ′q = expq2(t q
−h12e12 ⊗ e13)q−h
⊥
13⊗h
⊥
12R1.
3.1.4 q−quantization of h(1,1) by embedding into Uq(A(2)2 )
By definition
h(1,1) = ∗
 0 1 00 0 1
0 0 0
+
 0 0 ∗0 0 0
0 0 0

The q-quantization of the classical r-matrix ρ = E13∧(E12+E23) can be related
to the twist for Uq(sˆl3). Following [16] we define here the q-twist in the root
generators notation:
Fq =
expq2(
1
2 t eˆδ−α−β ⊗ eˆ−β) expq2(t eˆδ−α−β ⊗ eˆ−α) expq2(− 12qt eˆδ−β ⊗ eˆ−α−β)·
expq2(− 12 (q − q−1) eˆα ⊗ eˆ−β)K
where
K = q 49hα⊗hα+ 29hα⊗hβ+ 59hβ⊗hα+ 79hβ⊗hβ ,
eˆ−α = q
1
2 h
⊥
β e−α, eˆ−β = q
− 12 h
⊥
β e−β , eˆδ−α−β = q
− 12 h
⊥
α+βeδ−α−β ,
eˆα = eαq
1
2 h
⊥
α+β , eˆ′δ−β = [eˆα, eˆδ−α−β],
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and
h⊥α =
2
3hα +
4
3hβ , h
⊥
β =
4
3hα +
2
3hβ , h
⊥
α+β = h
⊥
β − h⊥α , eˆ−β = q−
1
2 h
⊥
β e−β.
In the limit s → 0 and assuming that q = 1 + st, we come to the following
twist for U(ŝl3):
F1 =
exp(12 t Eδ−α−β ⊗ E−β) exp(t Eδ−α−β ⊗ E−α) exp(− 12 t Eδ−β ⊗ E−α−β)
which can be considered as an affinization of a twist quantizing the r-matrix
ρ̂ = −1
2
Eδ−α−β ∧ E−β + 1
2
Eδ−β ∧E−α−β − Eδ−α−β ∧E−α.
On the other hand we can consider the quantum twisted affine Hopf alge-
bra Uq(A
(2)
2 ) (see also [17]) i.e. the Drinfeld-Jimbo quantization of the Cartan
matrix:
A =
(
2 −1
−4 2
)
= DB =
( 1
2 0
0 2
)(
4 −2
−2 1
)
.
In the evaluation representation we have the Kac generators
H0 = −2H13, H1 = H13,
E0 =
√
2E31u, E1 = (E12 + E23),
F0 =
√
2E13u
−1, F1 = (E21 + E32).
The Drinfeld-Jimbo quantization Uq(A
(2)
2 ) is defined by the relations
[hα, eδ−2α] = −4eδ−2α, [hα, eα] = 2eα,
[eδ−2α, e−δ+2α] =
q−hα−qhα
q−q−1 , [eα, e−α] =
q
1
2
hα−q−
1
2
hα
q−q−1 ,
∆(eδ−2α) = q
hα ⊗ eδ−2α + eδ−2α ⊗ 1, ∆(eα) = q− 12hα ⊗ eα + eα ⊗ 1,
∆(e−δ+2α) = e−δ+2α ⊗ q−hα + 1⊗ e−δ+2α, ∆(e−α) = e−α ⊗ q 12hα + 1⊗ e−α,
plus the Serre relations of the form:
[[eα, eδ−2α]q, eδ−2α]q = 0, [eα, [eα, [eα, [eα, [eα, eδ−2α]q]q]q]q]q = 0
where
[ei, ej]q := xy − qbijyx.
Let us fix the normal ordering,
α ≺ δ+2α ≺ δ+α ≺ 3δ+2α ≺ 2δ+α ≺ δ ≺ 2δ−α ≺ 3δ−2α ≺ δ−α ≺ δ−2α,
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and define the corresponding ordering on the set of Chevalley generators in
U(A
(2)
2 ):
E1 ≺ E8 ≺ E5 ≺ E9 ≺ E7 ≺ E3 ≺ E4 ≺ E6 ≺ E2 ≺ E0
where
E2 =
√
2(E21 − E32)u, E3 =
√
2(H12 −H23)u,
E4 = −3
√
2(E12 − E23)u, E5 = 6
√
2E13u.
Define the twisting element
Fq = (W ⊗W )∆(W−1), W = expq(ts−1 eα) expq4(ts−1 e−δ+2α).
Explicitly,
Fq = expq4(ts
−1 1⊗ e−δ+2α) expq−4(−ts−1 K ⊗ e−δ+2α) ·
· expq(ts−1 1⊗ eα) expq−1(−ts−1 q−
1
2h ⊗ eα),
where
K := (1− (1− q)s−1t eα)(2)q q−hα .
Imposing the relation q ≡ 1 + s2t mod (s3t), we can check that
Fq ≡ exp(2t3 eα ⊗ e−δ+2α) mod (st) .
In the limit s −→ 0 we come to the twisting element
exp(2
√
2t3u (E12 + E23)⊗ E13)
that is the other special case of the general solution (8), this time with µ = 1:
FR = exp(ξ(E12 + E23)⊗ E13).
3.2 Non-Abelian two-dimensional subalgebras
We have three types of nonequivalent non-Abelian quasi-Frobenius Lie subalge-
bras in sl3
b(0), bλ, b
(1).
3.2.1 q−quantization of b(0)
In the case b(0)
b(0) = ∗
 1 0 00 0 0
0 0 −1
+ ∗
 0 1 00 0 1
0 0 0
 (54)
we introduce the quantum twist
Fq = (W ⊗W )∆(W−1), W = expq(ts−1 eα).
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Explicitly,
Fq = (1− (1− q)s−1t 1⊗ eα)−
1
2 (hα⊗1)
q ,
and put q ≡ 1 + st mod (s2t) . Then in the limit s→ 0 we come to the twist
F = exp(H13 ⊗ ln(1 + t (E12 + E23)))
(see (16)).
3.2.2 q−quantization of bλ
By definition
bλ = ∗
 λ 0 00 λ− 1 0
0 0 1− 2λ
+
 0 ∗ 00 0 0
0 0 0

The Hopf algebra Uq(bλ) is the Hopf subalgebra containing e12 and h23 − λh⊥12
with the coproducts
∆
(
h23 − λh⊥12
)
=
(
h23 − λh⊥12
)⊗ 1 + 1⊗ (h23 − λh⊥12) ,
∆(e12) = q
2h23−2λh
⊥
12 ⊗ e12 + e12 ⊗ 1.
Note that we have the embedding Uq(bλ) →֒ Uq,Kλ(sl3) into the twisted algebra
Uq,Kλ(sl3) where the corresponding twisting element is
Kλ = q(2λ−3) h
⊥
12⊗h23 .
Define the quantum twist
Fq =
(
expq2(s
−1t e12)⊗ expq2(s−1t e12)
)
∆(expq−2(−s−1t e12)) =
= (1− (1− q2)s−1t 1⊗ e12)(−(h23−λ h
⊥
12)⊗1)
q2
and put q ≡ 1 + st mod (s2t) . In face of the evaluation
Fq ≡ exp((−h23 + λh⊥12)⊗ ln(1 + 2t2 e12)) mod (st) .
we see that the desired quantization of the Jordanian twist (15) is obtained.
3.2.3 q−quantization of b(1)
This case is given by the sl3 subalgebra
b(1) = ∗
 2 0 00 −1 1
0 0 −1
 +
 0 0 ∗0 0 0
0 0 0
 .
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In Uq(sl3) we have the coproducts:
∆(e23) = q
−h23 ⊗ e23 + e23 ⊗ 1,
∆(e′13) = q
−h13 ⊗ e′13 + e′13 ⊗ 1 + (q−1 − q) q−h23e12 ⊗ e23,
e′13 = e12e23 − q e23e12.
Let us twist these coproducts by the R−matrix factor
R2 = expq2(−(q − q−1) e32 ⊗ e23).
This leads to the simplified coalgebra,
∆R2(e23) = q
h23 ⊗ e23 + e23 ⊗ 1, ∆R2(e′13) = q−h13 ⊗ e′13 + e′13 ⊗ 1.
Consider the twisting factor
K = q−h⊥13⊗h⊥23 , h⊥13 =
1
3
(e11 + e33)− 2
3
e22,
then we obtain the coproducts
∆KR2(q
−h⊥23e23) = q
−2h⊥13 ⊗ q−h⊥23e23 + q−h
⊥
23e23 ⊗ 1,
∆KR2(e
′
13) = q
−2h⊥23 ⊗ e′13 + e′13 ⊗ 1.
Note that we have the relation
[q−h
⊥
23e23, e
′
13] = 0.
Uq(b
(1)) is defined as the minimal Hopf subalgebra in Uq,KR2(sl3) containing
e′13, e23, h
⊥
23.
The quantum twist with the necessary limit properties will be constructed
in terms of thus defined Hopf algebra Uq(b
(1)) . It contain two factors. The first
one is a coboundary twist of the form
F 1q = (W ⊗W )∆(W−1),
W = expq−2(−s−1t q−h
⊥
23e23) expq2(s
−2t e′13).
Explicitly,
F 1q = expq−2(−s−1t 1⊗ q−h
⊥
23e23) expq2(s
−1t q−2h
⊥
13 ⊗ q−h⊥23e23)·
· expq2(s−2t 1⊗ e′13) expq−2(−s2t q−2h
⊥
23 ⊗ e′13).
If
q ≡ 1 + s2t mod (s3t)
then
F 1q ≡ exp(h⊥23 ⊗ ln(1 + 2t2 e′13)) mod (st) .
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In the deformed Hopf algebra Uq,F 1q (b
(1)) we have two group like elements
Z1 = Wq
2h⊥23W−1 = q2h
⊥
23 1
1−(q−2−1)s−2t e13
Z2 = Wq
2h⊥13W−1 = q2h
⊥
13 1
1+(q2−1) s−1t q−h
⊥
23 e23
.
This allows us to use also the Abelian twist qs
−1 ln(Z1)⊗ln(Z2) . The product
Fq = q
s−1 ln(Z1)⊗ln(Z2) · F 1q
defines a q−twist with the property
Fq ≡ exp((h⊥23 + e23)⊗ ln(1 + 2t2e′13)) mod (st) (55)
Notice that in the limit q −→ 1 the quantum twist structures for bλ, b(1) and
b(0) degenerate. They lead to equivalent families of ordinary Jordanian twists
(11) FJ = exp(H ⊗ σ (ξ) , σ (ξ) = ln(1 + ξE).
3.3 Quantum twists with four-dimensional carriers
Similar to the previous study (Section 2) we consider separately the nonequiv-
alent classes of four-dimensional Lie Frobenius subalgebras:
r =

∗ ∗ ∗
0 ∗ 0
0 0 ∗

and
q a1,a2,a3 = ∗

a1 0 0
0 a2 0
0 0 a3
+

0 ∗ ∗
0 0 ∗
0 0 0

We had one family of solutions associated to r and three nonequivalent classes
associated with a particular choice of (a1, a2, a3) (see (21),(28),(32) and (41)).
3.3.1 Case r
Due to the isomorphism
r ∼=

∗ 0 ∗
0 ∗ ∗
0 0 ∗

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the case r can be treated similarly to b(1) . Define the q−twist as the coboundary
twist
Fq = (W ⊗W )∆(W−1),
W = expq−2(−s−1t q−h
⊥
23e23) expq2(s
−1t e13)
and assume that q ≡ 1 + st mod (s2t). Explicitly,
Fq = expq−2(−s−1t 1⊗ q−h
⊥
23e23) expq2(s
−1t q−2h
⊥
13 ⊗ q−h⊥23e23)·
· expq2(s−1t 1⊗ e′13) expq−2(−s−1t q−2h
⊥
23 ⊗ e′13)
and
Fq ≡ exp(−h⊥13 ⊗ ln(1 + 2t2 e23)) exp(h⊥23 ⊗ ln(1 + 2t2 e13)) mod (st) .
In the limit s −→ 0 this expression gives the double-Jordanian twist (41).
3.3.2 Case qa1,a2,a3
It was shown in the table (20) that we can subdivide the case q a1,a2,a3 into the
subclasses according to their cohomological properties:
H2(q a1,a2,a3) =
{
(a1, a2, a3) = (0, 1,−1), (1, 1,−2)
0 otherwise
Apply the Abelian twist
K = q−(2ζ+1) h⊥13⊗h⊥23
to the Hopf algebra Uq(sl3). Define Uq(qa1,a2,a3) as the minimal Hopf subalgebra
in Uq,K(sl3) containing e13, e12, e23 and hζ = h
⊥
23 + ζ h
⊥
13. The coproduct of e13
in Uq,K(sl3) has the form
∆(e13) = q
−2hζ ⊗ e13 + e13 ⊗ 1 + (1− q2) e12q−h23 ⊗ q−(2ζ+1) h
⊥
23e23.
The q−twist is defined by the coboundary expression
Fq = (W ⊗W )∆(W−1), W = expq2(ts−1 e13)
and the limit s→ 0 taken along the curve
q ≡ 1 + st mod (s2t) .
gives two types of twists (21) and (32).
Now consider q 0,1,−1. The corresponding r−matrix has the following form:
r1(η) = H23 ∧ E23 + 2η E12 ∧ E13.
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It is equivalent to the r−matrix
r2(λ) = H23 ∧ E23 + λ (H23 ∧ E13 + E12 ∧ E23)
via the transformation:
r2(i
√
2η) = Ad exp(i
√
2η E12)⊗ exp(i
√
2η E12) ◦ (r1(η)).
We can propose that Uq(q 0,1,−1) is just a Hopf subalgebra in Uq(sl3) spanned
by {e12, e23, q±h12 , q±h23}. Though it seems that there is no easy way to obtain
Fq that contain the factors
exp(
1
2
H23 ⊗ ln(1 + tE23 − 1
2
η2t3 E213)) exp(η
2t2 E12 ⊗ E13).
necessary to guarantee the desired properties.
3.4 Quantum twist with six-dimensional carrier
As it was mentioned above up to the conjugation the only six-dimensional sub-
algebra is
p =

∗ ∗ ∗
0 ∗ ∗
0 ∗ ∗

Let Uq(p) be a Hopf subalgebra in the algebra Uq,K(sl3) obtained as a deforma-
tion of Uq(sl3) by the Abelian twist K,
K = qh⊥12⊗h⊥23
In the subalgebra Uq(p) we have the following coproducts:
∆K(e12) = q
−2h⊥13 ⊗ e12 + e12 ⊗ 1,
∆K(q
−h⊥23e23) = q
−2h⊥12 ⊗ q−h⊥23e23 + q−h⊥23e23 ⊗ 1,
∆K(e32) = e32 ⊗ q−2h⊥13 + 1⊗ e32.
It follows, [18], that the element
FKM = expq−2((q − q−1)t e32 ⊗ e12).
is a twist for Uq(p).
Let us consider the twist Fq equivalent to FKM ,
Fq = (W ⊗W )FKM∆(W−1)
here
W = expq2(t
2s−1 e12) expq2(ts
−1 q−h
⊥
23e23) expq2(t
2s−1 e12).
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Explicitly we have
Fq = (expq2(t
2s−1 e12) expq2(ts
−1 q−h
⊥
23e23)⊗W )·
· expq−2((q − q−1)t e32 ⊗ e12) · expq−2(−t2s−1 q−2h
⊥
13 ⊗ e12)·
· expq−2(−ts−1 q−h23e23 ⊗ 1) · expq−2(−ts−1 q−2h
⊥
12 ⊗ q−h⊥23e23)·
· expq−2(−t2s−1 e12 ⊗ 1) expq−2(−t2s−1 q−2h
⊥
13 ⊗ e12).
To transform Fq further we use the commutation property
[q−h
⊥
23e23, e32] =
q−2h
⊥
13 − q−2h⊥12
q − q−1
and the relations
expq−2((q − q−1)t e32 ⊗ e12) expq−2(−ts−1 q−2h
⊥
12 ⊗ q−h⊥23e23) =
expq−2(−ts−1 q−2h
⊥
12 ⊗ q−h⊥23e23) expq−2((1 − q2)s−1t2 e32q−2h
⊥
12 ⊗ q−h⊥23e′13)·
· expq−2((q − q−1)t e32 ⊗ e12).
As a result the corresponding factors in Fq can be transposed,
expq−2((q − q−1)t e32 ⊗ e12) expq−2(−t2s−1 q−2h
⊥
13 ⊗ e12)×
× expq−2(−ts−1 q−h
⊥
23e23 ⊗ 1) =
= expq−2(−ts−1 q−h23e23 ⊗ 1) expq−2(−t2s−1 q−2h
⊥
12 ⊗ e12)×
× expq−2((q − q−1)t e32 ⊗ e12),
and the twisting element takes the form
Fq = (1⊗W ) expq−2(−t2s−1 q−2h
⊥
12 ⊗ e12)×
× expq−2(−ts−1 q−2h
⊥
12 ⊗ q−h⊥23e23)×
× expq−2((1− q2)s−1t2 e32q−2h
⊥
12 ⊗ q−h⊥23e′13)×
× expq−2((q − q−1)t e32 ⊗ e12) expq−2(−t2s−1 q−2h
⊥
13 ⊗ e12).
Now taking into account that the following commutator iz zero,
[expq2(ts
−1 1⊗ q−h23e23) expq2(t2s−1 1⊗ e12),
expq−2(−t2s−1 q−2h
⊥
12 ⊗ e12) expq−2(−ts−1 q−2h
⊥
12 ⊗ q−h⊥23e23)] = 0,
the final expression for the q-twisting element can be obtained:
Fq = expq2(t
2s−1 1⊗ e12) expq−2(−t2s−1 q−2h
⊥
12 ⊗ e12)×
× expq2 (ts−1 1⊗ q−h
⊥
23e23) · expq−2(−ts−1 q−2h
⊥
12 ⊗ q−h⊥23e23)×
× expq−2 ((1− q2)s−1t2 e32q−2h
⊥
23 ⊗ q−h⊥23e′13)×
× expq−2 ((q − q−1)t e32 ⊗ e12)×
× expq2 (t2s−1 1⊗ e12) expq−2(−t2s−1 q−2h
⊥
13 ⊗ e12).
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Assuming q ≡ 1+stmod (s2t) and applying the Heine’s formula we can calculate
the limit s→ 0 which gives the twist:
exp(H⊥12 ⊗ ln(1 + 2t3 E12)) exp(H⊥12 ⊗ ln(1 + 2t2 E23))×
× exp(−2t3E32 ⊗ E13) exp(H⊥13 ⊗ ln(1 + 2t3E12)).
This expression is the special case of the parabolic twist obtained in [14] and
presented here in Section 2 (see (46)).
4 Conclusions
We have shown that the factorization property presents the possibility to obtain
all the solutions to the twist equations for algebra U(sl(3)). The full list of the
antisymmetric classical r-matrices, constant solutions of CYBE, was quantized
and the corresponding twists were constructed explicitly in the form of product
of twisting factors. Each of these factors refers to an independent solution of
the twist equation.
We have also demonstrated that when the Drinfeld-Jimbo r-matrix and the
antisymmetric r-matrix corresponding to the twist are compatible (that is their
sum gives rise to a solution for the modified classical Yang-Baxter equation) the
quantum counterpart of this twist can be obtained.
It is known that triangular twists permit to deform integrable models related
to Yangians [19]. We suppose that constructed coboundary q-analogues of trian-
gular twists give rise to a possibility to study mentioned above deformed models
starting directly from known anisotropic models. The latter being connected
with the corresponding quantum affine algebras are similarly transformed under
coboundary twists. Hence a new basis of eigenvectors will appear.
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Appendix
Contrary to the situation described in the beginning of the subsection 2.6.1 the
peripheric carriersL1,0 (L0,1) present more interesting possibilities – the twisting
elements can be enlarged by the additional factors. These constructions can be
proved to be equivalent to the ordinary double-Cartan case described in 1.3.2
but deserve separate presentation. Here the carrier L1,0 is more convenient for
our purposes and the peripheric twist looks like
FP = exp(ξE12 ⊗ E23) exp(HP ⊗ σ(ξ)), (56)
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with
HP =
2
3
E11 − 1
3
E22 − 1
3
E33, σ(ξ) = ln(1 + ξE13) (57)
The costructure can be obtained from (22):
∆P(HP ) = HP ⊗ e−σ + 1⊗HP − E12 ⊗ E23e−σ,
∆P(E12) = E12 ⊗ 1 + 1⊗ E12,
∆P(E23) = E23 ⊗+eσ ⊗ E23,
∆P(E13) = E13 ⊗ eσ + 1⊗ E13.
(58)
The element E12 remains primitive. Now in g there is a Cartan element
H⊥ =
1
3
E11 − 2
3
E22 +
1
3
E33, (59)
whose dual is orthogonal to λ = e1−e3. Consequently this element also remains
primitive after the peripheric twist FP . The corresponding Borel subalgebra
B(2) with the generators H⊥, E12 can be twisted additionally by the Jordanian
twist (11). As a result the triple of twisting factors form a twist
FJPJ = exp(H⊥ ⊗ σ12(ξ)) exp(ξE12 ⊗ E23) exp(HP ⊗ σ(ξ)), (60)
with
σ12(ξ) = ln(1 + ξE12). (61)
Still the carrier algebra for this twist cannot have the dimension greater than
four. In the classical r-matrix the additional term originating from the factor
exp(ξH⊥ ⊗ σ12) induces a change of the E23 basic element for B = E23 −
ξH⊥. With this change the four-dimensional space of the carrier generated by{
HP , E12, E13, B = H
⊥ − 1
ξ
E23
}
becomes closed under the compositions of g.
Thus we obtain the deformation Ldef1,0 with the relations
[HP , E12] = E12, [HP , B] = 0,
[HP , E13] = E13, [E12, E13] = 0,
[E12, B] = E13 + ξE12.
(62)
Despite the fact that the deforming function µ with µ(E12, B) = E12 is a
coboundary (µ ∈ B2(L1,0,L1,0)) this deformation is nontrivial. This can be
checked by inspecting the ranks: rank(L1,0) = 1 and rank(L
def
1,0 ) = 2. (Notice
that the similarity transformation that cancels µ brings the cohomologically non-
trivial term in the second order of the deformation parameter.) Thus incorpo-
rating the generator H⊥ in the structure of the twist we have passed to the new
carrier Ldef1,0 . The latter must be identified with a Frobenius subalgebra in g. To
find such consider the new basis {H = HP −B,B,A = ξE12 + E13, E = E13}.
Now the commutation relations are
[H,A] = 0, [B,A] = A, [H,B] = 0,
[H,E] = E, [B,E] = 0, [A,E] = 0,
(63)
30
Thus Ldef1,0 = B(2)⊕B(2) (the structure that we had in (39)). Obviously having
this form for Ldef1,0 we can apply to it the double-Jordanian twist (40):
FJJ = exp(H ⊗ σE) exp(B ⊗ σA) σA = ln(1 +A), σE = ln(1 + E). (64)
Returning to the initial basis in g it can be written as
FJJ = exp(H⊥ ⊗ (σ(ξE12+E13) − σ13)− 1ξE23 ⊗ (σ(ξE12+E13) − σ13))
exp(HP ⊗ σ13)
= exp(H⊥ ⊗ (σ(ξE12+E13) − σ13)) exp(−E23 ⊗ E12e−σ13)
exp(HP ⊗ σ13)
= exp(H⊥ ⊗ σ(ξE12+E13)) exp(−E23 ⊗ E12)
exp((HP −H⊥)⊗ σ13)
(65)
The form of the twisting element looks similar to that of (60) but is differ-
ent. Notice that here the first two twisting factors present the peripheric twist
that produces the primitive coproduct for the element E23. So the last quasi-
Jordanian factor is based on the quasiprimitive combination of elements. The
r-matrix is the same as in the case (60).
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